We use " E(A)" to replace "E(A)" to suggest the new grading. In the paper, we mainly prove that E(A) is a quadratic algebra and E(M ) is a quadratic module over E(A), where M is a piecewiseKoszul A-module with the same function δ d p . Moveover, we provide a concrete example to show that E(A) is not a Koszul algebra in general, which is different from the Koszul and d-Koszul cases.
Introduction
Koszul algebra, a class of quadratic algebras possessing many nice homological properties, was originally introduced by Priddy in 1970 (cf. [15] ). We refer to [3, 5, 14] for more details on the history, properties, and applications of Koszul algebras. The most fascinating results for such algebras may be:
• Let A be a Koszul algebra and E(A) its Yoneda algebra. Then E(A) is a Koszul algebra, and A ∼ = E(E(A)) as graded algebras (cf. [15] ).
Note that if A is a Koszul algebra, then its Yoneda algebra E(A) can be generated in ext-degrees 0 and 1. And moreover E(A) is Koszul and of course quadratic.
Motivated by the classification of the cubic Artin-Schelter regular algebras (cf. [1] ), Berger first generalized Koszul algebras to higher homogeneous graded algebras and introduced the notion of non-quadratic Koszul algebra in 2001 (cf. [4] ). These algebras came to be called d-Koszul algebras later (cf. [2, 7, 8] , etc.), where d ≥ 2 a fixed integer. Inspired by quiver theory, Green et al. extended this class of algebras to the non-local case in 2004 (cf. [7] ). It should be noted that d-Koszul algebras share some properties with Koszul algebras (for example, the trivial module of a d-Koszul algebra has a pure resolution and it can be also characterized by its Yoneda algebra), but this class of algebras does have some essential differences from Koszul algebras (for example, the A ∞ -structures on their Yoneda algebras are different (cf. [8] 
)). Green et al. proved the following result:
• Let A be a d-Koszul algebra with d ≥ 3 and E(A) its Yoneda algebra.
Regrade Then E(A) is a Koszul algebra (cf. [7] ).
Note that if A is a d-Koszul algebra with d ≥ 3, then its Yoneda algebra is generated in ext-degrees 0, 1, and 2 (cf. [7] ). Thus, if we put In order to unify the notions of Koszul and d-Koszul algebras, Lu et al. defined the so-called piecewise-Koszul algebra in 2007 (cf. [11] ). This new class of algebras includes Koszul and d-Koszul algebras, as well as many non-Koszul quadratic algebras (cf. [11, 13] ). In particular, piecewise-Koszul algebras provide a negative answer to a question posed by Green and Marcos in [6] in 2005 (cf. [9, 10, 12, 13] ).
From [11] , we know that the Yoneda algebra of a piecewise-Koszul algebra with period p can be generated in ext-degrees 0, 1, and p. Therefore, motivated by the Koszul and d-Koszul algebras, one may ask the following natural question:
• Is the Yoneda algebra of a piecewise-Koszul algebra Koszul under a suitable new grading?
It is a pity that the answer is negative in general, which is easy to see from the counterexample in the last section. However, we can obtain the following result, which is the main result of the paper. We will give a detailed proof only for the case p = 3 since all other ones can be proved similarly.
Main result. Let A = i≥0 A i be a piecewise-Koszul algebra and M a piecewise-Koszul left A-module with the same cohomology degree function
Then, we have the following statements:
1) E(A) is a quadratic algebra and E(M ) is a quadratic module over E(A),
2) E(A) has the degree distribution 
Preliminaries
Assume that the trivial left A-module A 0 has a minimal graded projective resolution
where χ is a subset of the set of integers.
Assume that M over A has a minimal graded projective resolution
Denote the nth syzygy by Ω n (M ) := ker d n−1 for any n ≥ 1. We also use Ω M to stand for the kernel of the projective cover of a graded A-module M . Under the Yoneda product,
If for any n ≥ 0, { (n)} is defined to be the set of internal degrees in which E n (M ) is supported, then the set :
Lemma 2.1 (cf. [7] ). Let A be a graded algebra and M a finitely generated graded left A-module. Suppose that P and Q are minimal graded projective resolutions of A 0 and M , respectively.
2) Assume that P n and Q n are both generated in degree s, then
Proof. By the short exact sequence over A
we get the long exact sequence
We know that both W/W n+1 and W n+1 are semi-simple modules over A.
) and E i (W n+1 ) are supported in Δ(i) + n and Δ(i) + n + 1, respectively. We get the result.
Remark 2.3. If we replace
which is also generated in degree n for some n ≥ 0, then 
Proof. Note that X, Y and Z are generated in the same degree, so f (rX) = f (X) ∩ rY . Now the desired commutative diagram is obvious.
We say a graded module M over A has a linear presentation if there is an exact sequence over A, P 1 → P 0 → M → 0, such that P i is a graded projective A-module and generated in degree i, where i = 0, 1. Denote by L (A) the category consisting of graded A-modules with linear presentation and degree 0 maps.
The double extension of modules with linear presentation also has a linear presentation.
If Y satisfies the assumption in Lemma 2.5, we denote Y ∈ Γ 1 (A). And if Y satisfies the assumption in Lemma 2.6, we denote Y ∈ Γ 2 (A), that is, there are exact sequences 0
Lemma 2.7. As sets, we have
Now, we recall the definition of piecewise-Koszul object.
Given a pair of integers d and p
(d ≥ p ≥ 2), we introduce a function δ d p : N → N by δ d p (n) = ⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ nd p , n ≡ 0(mod p), (n − 1)d p + 1, n≡ 1(mod p), · · · · · · (n − p + 1)d p + p − 1, n ≡ p − 1(mod p).
Definition 2.8 (cf. [11]
). Let A be a graded algebra and M a finitely generated graded left A-module. Suppose that Q is a minimal graded projective
In particular, we say that A is a piecewise-Koszul algebra provided that A 0 is a piecewise-Koszul module. 
From [11] , it is easy to obtain. 
for any l ≥ 0,
for any n ≥ 0, there is a short exact sequence
Hat-degree
Let A = i≥0 A i be a piecewise-Koszul algebra and M a piecewise-Koszul left A-module with the same cohomology degree function
We now give a new grading on E(A) and E(M ) as follows:
The new degree is called hat-degree. Note that if we neglect the grading on E(A) and E(M ), as vector spaces it is obvious that E(A) = E(A) and E(M ) = E(M ).
Clearly, E(A) is a graded algebra generated in hat-degrees 0, 1 and E(M ) is generated in hat-degree 0 as a graded E(A)-module. Now for simplicity, we concentrate on the piecewise-Koszul algebra A with cohomology degree function δ d 3 (d > 3). We know that for E(A), E 0 (A) = E 0 (A) and
We write the first several terms:
. . .
Conclude that for n ≥ 2,
where the internal shift n is as a graded A-module such that N [n] is a piecewise-Koszul A-module and the external shift m is in the hat-grading.
Proposition 3.1. Let A be a piecewise-Koszul algebra with cohomology degree function
) and the first syzygy Ω E 0 (A) over E(A) can be seen as an extension of all terms generated in hat-degree 1,
Proof. The first term in the minimal resolution of
Changing the order, we get
For the projective cover of E 0 (A) over E(A), we have the syzygy
which is generated by E 1 (A) ⊕ E 3 (A). Thus, Ω E 0 (A) is generated in hatdegree 1.
The syzygy Ω E 0 (A) can be seen as a short exact sequence of E(A)-modules all generated in hat-degree 1 as
We finishes the proof. A) ) and the first syzygy Ω E(M ) over E(A) can be viewed as an extension of all terms generated in hat-degree 1,
Proposition 3.2. Let A be a piecewise-Koszul algebra and M a piecewiseKoszul left A-module both with cohomology degree function
Proof. By Proposition 2.10, we characterize the first term in the minimal resolution of E(M ) over E(A)
For the projective cover of E(M ) over E(A), we have the syzygy
where E n (A)E 2 (rM ) = E n+2 (rM ) for any n ≥ 0 and E 1 (A)E 0 (rM ) = E 1 (rM ) by Proposition 2.10. Thus, Ω E(M ) is generated in hat-degree 1.
The syzygy Ω E(M ) can be seen as a short exact sequence of E(A)-modules all generated in hat-degree 1 as
We get the result.
Theorem 3.3. Let A be a piecewise-Koszul algebra with cohomology degree function δ d 3 (d > 3). Then E(A) has the degree distribution
Proof. By Proposition 3.1, the projective cover and the first syzygy of E 0 (A) over E(A) are
The syzygy Ω 1 can be seen as an extension of E(A)-modules all generated in hat-degree 1
where
We can get the following diagram as a part of the minimal resolution of
where for any n ≥ 1,
There are short exact sequences over E(A)
we get a series of long exact sequences over E(A)
is supported in Δ(n), which is the internal degree of
By Lemma 2.2, we know that Δ(n) = {Δ(n − 1) + 1, Δ(n − 1) + 2, Δ(n − 2) + 2, Δ(n − 2) + 3, . . . , Δ(1) + n − 1, Δ(1) + n, n}.
Thus the maximal degree in Δ(n) is max{Δ(n − 1)} + 2.
We end this section with the general version of Theorem 3.3 without proof since it is similar to the case of p = 3. 
Theorem 3.4. Let A be a piecewise-Koszul algebra with cohomology degree function δ d p (d > p 2). Then E(A) has the degree distribution
{Δ(n) : n ≤ Δ(n) ≤ δ(n)}, where δ(n) = 0, n = 0, p + (n − 2)(p − 1), n ≥ 1.
The main result
Let A be a piecewise-Koszul algebra and M a piecewise-Koszul left A-module both with cohomology degree function δ d
, we obtain a long exact sequence
as an exact triangle of left E(A)-modules.
Since M is a left piecewise-Koszul module over A and r k M/r k+1 M is semisimple, we get that
By Proposition 2.10, we get E 0 (rM ), E 1 (rM ), E 2 (rM ) are supported in degrees 1, 2, d, respectively. By induction, we know that E 0 (r k M ) is supported in degree k and E 1 (r k M ) is supported in degree k + 1. So we get
The above long exact sequence can be decomposed into the following several exact sequences:
By induction, we get that
We get the projective cover of
Viewing W as an E(A)-module generated in hat-degree 0, the first syzygy of W is
Lemma 4.1. The following statements are equivalent:
We know that both E 1 (r k+1 M ) and
Comparing the internal degrees in the following exact sequence: A) ) and the first syzygy Ω W of W over E(A) can be seen as an extension of all terms generated in hat-degree 1 A) ) and the first syzygy Ω W of W over E(A) can be seen as an extension of all terms generated in hat-degree 1
Proposition 4.3. Let A be a piecewise-Koszul algebra and M a piecewiseKoszul module both with cohomology degree function
Proof. It is immediate from Lemmas 4.1 and 4.2.
Theorem 4.4. Let A be a piecewise-Koszul algebra and M a piecewiseKoszul module both with cohomology degree function δ d 3 (d > 3). Then E(A) is a quadratic algebra and E(M ) is a quadratic module over E(A).
Proof. By Proposition 3.1, the first syzygy Ω E 0 (A) of E 0 (A) over E(A) can be seen as an extension of all terms generated in hat-degree 1 
Proof. Denote the nth syzygy in the minimal projective resolution of E 0 (A) over E(A) by Ω n . We have the minimal projective resolution of E 0 (A) over
We can continue the fashion until Ω d−3 and obtain that
Note that all shifts here are in the hat-grading. Thus, for 0
We know that E(A) has a linear resolution for the first d − 2 terms and track the construction of the minimal resolution. We consider some pieces in the minimal resolution
We know that
The maximal degree in P 2 is l + 1 ≤ d − 1. But, P 3 is generated in degree d. So θ 3 = 0 and Proj.dim A A 0 ≤ 2. We get that A is a Koszul algebra, a contradiction. Hence Proj.dim
From the proof of Theorem 3.3, we know that max{Δ(n)} = max{Δ(n − 1)} + 2 for any n ≥ 2.
We end this section with a general version of the main results we obtained without proofs since they are similar to the case of p = 3. 
1) E(A) is a quadratic algebra and E(M ) is a quadratic module over E(A),
An example
In this section, we will give a concrete piecewise-Koszul algebra A such that E(A) is not Koszul. Now let A = kΓ/R, where kΓ is a path algebra and R is the ideal generated by the following relations:
Then A is a piecewise-Koszul algebra (cf. [11] ). We can compute out that A has the degree distribution {0, 1, 2, 4, 5} and
If M is a piecewise-Koszul module over A, we have E >4 (M ) = 0 and E >3 (rM ) = 0 by Lemma 2.10. For a semi-simple module S, we get E >1 (Ω 3 (S)) = 0. We construct the minimal projective resolution of E 0 (A) over E(A). The first syzygy Ω 1 is given as
with Ω 1 generated in hat-degree 1. We have a commutative diagram for the second syzygy Ω 2 in the minimal resolution of E 0 (A) over E(A) ( E(A) ), where the shift −1 is in the hat-grading. So Ω 2 is generated in hat-degree 2 and E(A) is quadratic.
There is a commutative diagram in which the third syzygy Ω 3 in the minimal resolution of E 0 (A) over E(A) is given
where the three columns are all projective covers. We also obtain a commutative diagram , which is generated in hat-degrees 3 and 4, but not generated in hat-degree 3, since E 3 (A) = E 2 (r) = E 2 4 (r) ∼ = E 2 4 (r 2 ) = 0 and 0 → E 1 (r 3 ) → E 2 (r 2 /r 3 )
ϕ → E 2 (r 2 ) is exact with ϕ = 0 by Lemma 4.2. Thus E(A) is not a Koszul algebra.
